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Abstract—Deformation rate dependency of the M ulli ns effect in 

ar terial tissue is analyzed in this paper. Cyclic uniaxial tensile test 
with samples of human thoracic aor ta were performed with 
deformation rate 0.02; 0.05; 0.1; and 0.15 s-1. Different trend was 
observed in circumferential and longitudinal samples. The 
ascending deformation rate corresponds with increasing stiffness 
and softening rate in circumferential samples while the same 
effect in longitudinal samples is observed with decreasing 
deformation rate.  This inconsistent observation does not lead to 
the explanation of the softening extent by means of deformation 
rate.  
 

Index Terms—artery, deformation rate, Mulli ns effect, 
stiffness,  softening.  
 

I. INTRODUCTION 

T is well  known that blood vessels show some inelastic 
effects [1], such as creep, relaxation or preconditioning. 

One of them is the Mulli ns effect, strain-induced softening 
well -known in elastomer mechanics (Fig.1). It is characterized 
by the following features: when a so-called virgin material 
(previously undeformed) is loaded to a certain value of the 
deformation, the stress–strain curve follows so-called primary 
loading curve. Subsequent unloading exhibits the stress 
softening. Next reloading follows the former unloading curve 
until  the previous maximum strain is reached. At this moment, 
when previous deformation maximum is exceeded, the stress-
strain path starts to trace the primary loading curve [2]. 

Although existence of the stress softening within in vitro 
cyclic loading of blood vessels has been known for long time 
only few attempts have been made to develop new theories. 
Concerning with the Mulli ns effect, soft tissue is frequently 
modeled within the conception resulting from the theory of 
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pseudo-elasticity. Ogden and Roxburgh [3] and Dorfmann and 
Ogden [4] formulated pseudo-elastic models of the Mulli ns 
effect in rubber-like materials. These models describe 
irreversible behavior incorporating softening variable, which is 
included into the strain energy density function. The softening 
variable is a stress reduction factor defined as the ratio 
between the stress during unloading/reloading and primary 
loading. Such an approach has been recently utili zed within the 
modeling the Mulli ns effect in blood vessels  [5], [6].  

The rate-dependent (viscoelastic) mechanical response of 
arteries was studied largely [7]-[11]. Simple relaxation, creep 
and pressure-oscill ation tests were conducted with the aim to 
describe arterial mechanics with respect to its viscoelastic 
nature.  

Almost no attention, however, has been paid to rate-
dependency of the cyclic strain-induced softening. The main 
objectives of this study is thus to correlate the Mulli ns effect 
with the strain rate.  

 II . MATERIALS AND METHODS 

In order to ill ustrate the Mulli ns effect in human aorta, 
cyclic uniaxial tension tests were performed on MTS Mini 
Bionix testing machine (MTS, Eden Prairie, USA). Samples of 
healthy human thoracic aorta were resected from cadaveric 
donor (male, 31-years-old) with the approval of the Ethic 
Committee of the University Hospital Na Kralovskych 
Vinohradech in Prague. Respecting the anisotropy of an aorta, 
samples were resected in the circumferential and longitudinal 
direction. Total number of samples was eight (four oriented 
longitudinally, four oriented circumferentiall y).  

Three levels of maximum stretch were performed during the 
tests: l m = 1.1, l m = 1.2 and l m = 1.3, where � m is the maximal 
ratio between the current length l and the referential length L. 
The representative of the recorded data is shown in Fig. 1. 
Each l m level was performed as four-cycle of the loading and 
unloading.  

The different samples were loaded with strain rates 
corresponding to constant velocity of a crosshead. It means 
that this is not true constant strain rate. For the sake of 
simplicity, however, this discrepancy is not considered herein. 
The displacement velocities were computed with respect to 
initial dimensions of the samples and values de/dt = 0.02; 0.05; 
0.1; and 0.15 s-1 were applied.   

Considering the incompressibilit y of the tissue, the loading 
stress was obtained according to the following relation 
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Here F denotes applied force and s the current cross-section. 
B and H denote the width and the thickness of the sample in 
the reference (zero-stress) configuration. Loading force was 
measured by MTS testing machine. The length of samples in 
the reference and actual configurations was determined within 
the analysis of digital photographs. The thickness and with 
were analyzed by laser profile measurement sensor 
scanCONTROL 2800 (Micro-Epsilon, Ortenburg, Germany). 

Fig. 1 Stress – strain response of the axial sample under cyclic uniaxial 
tension with deformation  rate 0.02 s-1 (blue points).  Maximum stretch 

increased after 4 cycles due to stabili ze mechanical response of the aorta. 
Green points denote primary loading. 

III . RESULTS 

A Stiffness rate-dependency 

In order to ill ustrate stiffness rate-dependency, first loading 
cycle (of l m =1.1) of tested samples were compared. Fig. 2 
shows the effect of deformation rate on the circumferential and 
longitudinal behavior of human thoracic aorta. While loading 
stresses in circumferential samples were reduced with 
increasing deformation rate (Fig. 2a), in axial samples of 
arterial tissue was observed an opposite effect (Fig. 2b). Only 
circumferential sample loaded with deformation rate 0.05s-1 
deviated from the observed trend. 

B Softening rate-dependency 

The extent of the softening during uniaxial loading was 
described with the softening variable h.  

soft

prim

s
h

s
=  (2) 

Here s soft means Cauchy stress within softening (unloading 
or reloading) and sprim is Cauchy stress during primary 
loading. The instance of evaluated data is shown in Fig. 3. 

The impact of the deformation rate on the softening 
observed during the Mulli ns effect was evaluated for every 

level of maximum stretch l m. The results proved the same 
trend which is represented by the softening within loading to 
l m =1.3 and subsequent unloading (Fig. 4). In circumferential 
samples (Fig. 4a) the curve of the softening descended with 
increasing deformation rate. The lower value of the softening 
variable the greater softening (ratio between stress during 
loading and unloading) in the tissue.  In longitudinal samples 
was observed an opposite trend (Fig. 4b). Increasing 
deformation rate corresponds with ascending curve of the 
softening. Only circumferential sample loaded with 
deformation rate 0.05s-1 deviated from the observed behavior. 

Fig. 2 Effect of deformation rate on the stress-stretch mechanical response of 
arteries. Circumferential (a) and longitudinal (b) samples of arterial tissue 
were loaded with deformation rate 0.02s-1, 0.05 s-1, 0.10 s-1 and 0.15 s-1. 

IV. DISCUSSION 

This study proved the effect of strain rate on stiffness and 
softening in human arterial tissue. Contrary to the published 
results [12], [13] it was observed totall y different mechanical 
behavior of samples resected in circumferential and 
longitudinal direction. Circumferential samples soften with 
increasing deformation rate while longitudinal samples stiffen. 
Only one of the samples resected in circumferential direction 
and loaded with deformation rate 0.05s-1 left the observed 
trend. This discrepancy is probably caused by physiological 
inhomogeneities concentrated in the sample. 
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Fig. 3 The Mulli ns effect in axial sample of arterial tissue loaded with 
deformation rate 0.15s-1, first cycles of every four-cycle l m level (a). 

Corresponding progress of the softening variable �  (b). 

In [13] the traction tests on the bovine cruciate ligament-
bone complex at seven strain rates were performed. The stress 
increased with the augmentation of strain rates. This was 
related to the movement of water in the ligament during 
loading when the collagen fibers organize from the wavy 
pattern into the aligned fiber pattern. In [12] were tested 
samples of pig aortas which showed converse rate-dependent 
effect. The samples became softer as a response to the higher 
deformation rate. One possible explanation for the observed 
phenomenon is grounded in elastin whose proportion to the 
other arterial constituents is the highest in the aorta. Elastin 
chains are cross-linked together and an imposed strain 
increases the order in the molecular network. When elastin is 
stretched at high rates it would attain a highly oriented 
conformation and as a result the cross-links would not be able 
to bear the load due to slippage [12]. In [14] it has been 
observed in load controlled tests of soft tissue that the 
mechanical response can exhibit a decrease in nonlinear 
stiffness with an increase in loading rate. Such an anomalous 
behavior was connected with the interplay between nonlinear 
elastic and viscous effects. Although our experimental setup 
was stretch controlled, due to preconditioning at each l m level 
permanent set occurred and experimental process achieved 

load controlled character (Fig.1). 
Experimental results observed in our study could be 

explained by combination of all  above mentioned effects. 
Nevertheless different observations in differently resected 
samples point to the explanation connected with inner 
structure. It should be note that the distribution of collagen 
fibers in arterial tissue is oriented [1] thus the impact of their 
stretching is divers in differently oriented samples. 

 

Fig. 4 Effect of deformation rate on the softening within the loading to the 
l m=1.3 and subsequent unloading. Circumferential (a) and longitudinal (b) 
samples of arterial tissue were loaded with deformation rate 0.02s-1, 0.05 s-1, 

0.10 s-1 and 0.15 s-1. 

The influence of the strain-rate on the softening was 
described within the deformation history of the softening 
variable during uniaxial cyclic tensile tests. The softening 
variable is defined as a ration between the stress during 
un/reloading and the primary loading. The lower value of the 
softening variable the greater part of the mechanical energy of 
the sample has transformed in another form. It was observed 
that dependence of the softening on the deformation rate is 
different in circumferential and longitudinal samples. 
Softening in circumferential samples decreases (value of the 
softening variable rises) with increasing deformation rate while 
in longitudinal samples increases (value of the softening 
variable sinks). This effect is related with the stiffness.  The 
higher stiffness of the sample corresponds to the lower value 
of the softening variable and greater softening of the material.  

Nevertheless, the results do not show united trend and are 
not able to explain direct connection of the softening extent 
and deformation rate.  
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Comparisonof the Different IntervertebralDisk
GeometricModels

L. Jiran,P. Heralt, M. Moravec, M. Otahal,J. Kuzelka

Abstract—This work dealswith a comparisonof four differ ent
geometric models of the intervertebral disk. Material of the
intervertebral disk is modelledashyper elasticin all cases.Forces
and moments are applied to models and their responsesare
compared.

Index Terms—intervertebral disk, hyper elasticmaterial , FEM
model

I . INTRODUCTION

T HE aimsof this paperis to comparedifferent interverte-
bral disk geometricmodelsandto decidehow accurately

it is necessaryto model the real shapeof the intervertebral
disk. The disk geometry is modeled in four simplications.
Six different types of load were applied to eachmodel and
responsesto theseloadswere comparedfor all models.This
comparisonshould answerthe question,what simplications
of the reality is reasonable.Models are createdand analyzed
by usingthe ABAQUS software,the loadsareassumedto be
quasi-statical.

II . ANATOMY OF THE INTERVERTEBRAL DISK

Fig. 1. The intervertebraldisk [1].

The intervertebral disks are interposedbetweenadjacent
vertebraein the spine and they vary in shape,size, and
thickness,in differentpartsof thespine.In shapeandsizethey
correspondwith the surfacesof the vertebraebetweenwhich
they are placed,[1]. Eachintervertebraldisk is composedof
outer annulus�brosus and inner nucleuspulposus.Annulus
�brosus consistof laminaeof �brous tissueand�brocartilage,
which are important shock absorbers.Nucleus pulposusis
pulpy substancein thecenterof annulus�brosus, [1]. Thereal
geometryof the intervertebraldisk, Fig. 1, can be modeled
asan epicycloidal cylinder.

L. Jiran,P. Heralt, M. Moravec,M. Otahal,J. Kuzelkaarewith theDepart-
mentof Mechanics,BiomechanicsandMechatronics,Faculty of Mechanical
Engineering,Czech Technical University in Prague,Technicka4, 166 07
Prague6, CzechRepublic

III . GEOMETRICAL MODELS

This section describesthe used geometric models. The
models are orderedfrom the simplest to the most realistic
model.

A. Simplemodel(Fig. 2-A)

Simplemodel,takesaccountonly �brous tissueof annulus
�brosus, nucleus pulposusis neglect. It is the �rst rough
approximationof the real geometry. The shapeof the disc
couldbedescribedasaepicycloidal cylinder. Epicykloid curve
is given parametricalyby (1). It is not so common used
intervertebraldisc,we areshow in it herejust for comparison
with other, morecomplicatedandrealisticmodels.

x(� ) = 2r � cos(� ) � r � cos(2�)
y(� ) = 2r � sin (� ) � r � sin (2� )

(1)

where r is radius of smaller circle which rolls around the
outsideof larger cicle.

B. Model with emptycavity (Fig. 2-B)

Most of loading is holdedby anulus�brosus so it will be
necessaryto model its right shape.Inner nucleuspulposusis
modeledin this case.Nucleusis replacedby an emptycavity,
so loadingsectionof Anulus �brosus is closerto reality. The
height of this model is the averageof two vertebraecontact
surfacesdistance.

� �

� �

Fig. 2. Differentgeometricalshapesof intervertebraldisc model.

C. Filled cavity model(Fig. 2-C)

e main role (from loading point of view) of nucleus
pulposus is to redistribute the axial loading forces acting
to intervertebral disc to radial directions. It is modeledas
an incompressiblecavity in the center of annulus brosus.
The hydrostatic pressureinside this cavity is constant for
this computations. In the real healthy organism, the amount
of uid inside nucleusis changingduring day-life activities.
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We are using simplication here,but it is oblivious, that this
phenomenawill have an affect on intervertebraldisc loading.
This model and its variationsis commonly usedbecauseof
the equilibrium betweenshapesimplicity andcomplyingwith
all of interverebraldisc parts.

D. Filled cavity model,realistic contactsurfaces(Fig. 2-D)

In lastmodel,we aretrying to geta realshapeof intreverte-
bral disc contactsurfaces.Surfaceswereobtainedby Boolean
cut of intervertebraldisc from lastexampleby vertebraebody.
The shapeof vertebraewas get from CT-scans,so we can
assumethattheshapeof contactsurfaceson thediscis precise.

IV. MATERIAL

A lot of researchersworkson evaluatingthematerialmodel
of intervertebraldisc.For this paperit is importantto compare
the geometricmodels,so weve choosedhyper elasticmodel
of anulus brosusform literature. A lot of material models
couldbe found.We areusingthehyperelasticmaterialmodel
of Anulus brosuswhich wasobserved from experiment.This
materialmodelrespectstherelationbetweenstress� andstrain
� .

� = 113:42� � 2 + 4:7822� � (2)

Relation (2) was observed and approximatedfrom de-
pendenceof axial compressionforce F [N ] and deformation
u[mm] form compressiontest of disc anulus [2]. Material
propertieswere enteredin ABAQUS materialmodel in form
of tableof values.

V. LOADS

We areinterestingin comparisonof loadingresponseusing
four different intervertebral disc models. We dont want to
measurea stressso we chosedunitary displacementin every
of six directions.Eachmodelwascomputedfor eachdisplace-
mentdirection.Most interestingdirections for our comparison
are axial forcesin direction of tensionand compression,and
direction of frontal exion. All models were prepared and
computedusingABAQUS 6.10.software.

Fig. 3. Force- displacementdependencein directionof axial compression.

VI. RESULTS

Eachmodel was performedto displacementloading.After
all computationswe have choosedthreemostinterestingdirec-
tions,which aretensionandcompressionin vertical direction
and bending in direction of frontal �e xion. All results are
plottedin force-displacementdiagrams.We arenot interesting
in force values,we are just evaluating differencesbetween
different model response.Displacementresponsecurves can
be seenfrom diagramsbellow (Fig. 3, Fig. 4, Fig. 5).

Fig. 4. Force- Displacementdependencein directionof axial tension.

Fig. 5. Moment - rotationdependencein directionof medial �e xion.

VII . CONCLUSION

This report describesthe differencesof displacementre-
sponseusing different geometric models of intervertebral
discs. From diagramscan be seenthe differenceabout 60
% of force or moment response.It looks that there are a
large variation betweendescribedgeometricalmodelsof the
intervertebraldisc. The questionis the comparisonof these
modelswith real disc loading.We are preparingexperiments
thesedays to evaluatethe loading responseof intervertebral
disc to validate our model. This model should be used in
kinematic evaluation of lumbar spine segment, which is a
major goal of our work.
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Abstract

A method for semiautomaticcartilage segmentation basedon MR imagesis presented.
Hough circle transformation, maximal gradient of grey levels (contrast) and presumption
of sphericshapeof femoral headand acetabulumis employed. Exact de�nition of cartilage
bordershaven't been�nished.

In tro duction

The contact pressure(maximal value,distribution of the contact pressure)is oneof the
indicators of risk origin cartilage diseasesin hip joint. Thesecontact pressuresdependon
loading, hip joint geometryand cartilage thickness.3D cartilage model including contact
pressuredistribution facilitates diagnosing,treatment and operation planning. The model
was createdfrom set of MR (magnetic resonance)imagesdue to commonavailabilit y of
MR in the hospitals, MR isn't basedon x-ray (it is possibleto repeat scanningwithout
strict limitation - compared to CT) and surrounding tissuesare displayed with higher
contrast (comparedto CT).

The goal is to develop an automatic or semiautomaticcartilage detection method and
computation of loading to indicate statesinjuring a cartilage. It is necessaryto verify this
method and to determinate an error estimation of the method. The processof region of
interest determination and cartilage edgedetection is discussedin this paper.

Metho d

The �rst stepis imageregiondetermination wherewholehip joint cartilage is displayed.
As the hip joint is circular on the cross section, it suggestitself to detect circle that
approximates a head of femur or an acetabulum. We used Hough transformation for
automatic circle detection [1], input data were1-binary imagewith detected edges,2-two
diameters denoted in the binary image on the border of femoral head or acetabulum.
When the circle was detectedwe obtained the radius and the circle center. The usersets
a multiple of radius for displaying whole regionof interest. The secondstep is to �nd line
connectingcircle center with every point on the circle, using Bresenham'sline algorithm

1
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[3], and to calculate the �rst and secondderivation in the radial direction. According to
high gradients [2] and hip joint anatomy is possibleto detect cartilagein the hip joint. It
is possibleto �nd outer cartilage edge,but inner edgeis not visible (for scanninginner
edgeis necessaryto useleg traction).

Results and discussion

Figure 1: Edge detection

This method was applied on three setsof MR images
and brought results as seen in the Figure 1. Region
determination method canbe improved by including co-
ordinates obtained during diameters denoting. In the
Figure 2 is an exampleof derivation in radial direction.
In the grapha bluecurveshowsgrey levelsof the original
imagefrom the center circle to the outer boundary. The
greenand red curvesare the �rst and secondderivations
indicating the maximal gradient. Upgrade from 2D to
3D model is almost �nished. It remainsto de�n e exactly
cartilage borders,determine the method's error estima-
tion and the optimal MR scanner settings.
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Figure 2: Radial directional derivation
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?Abstract—This paper presents a water hammer experiment 
performed on the physical model of blood vessel. I t was assumed 
that the experiment is suitable for  determining the viscous 
component of blood vessel wall  which is manifested by 
attenuation dur ing the experimental measurement. This 
assumption was confirmed and the viscosity was estimated. 
Physical model of blood vessel was manufactured from latex tubes 
textile rubber bands and connective matr ix. Latex tube outer 
surface was covered by elastic matr ix. Textile rubber bands were 
wound on elastic matr ix and they imitated reinforcing effect of 
collagen fibers. Mathematical model describes pulsation of 
pressure after instantaneous closing of valve at outlet of pipeline a 
part of which is a shor t elastic tested tube. Constitutive 
viscoelastic model was used to describe the behavior  of blood 
vessel wall . 
 

Index Terms— Water hammer, constitutive model, blood 
vessel, pressure pulsation, oscill ations 
 

I. INTRODUCTION 

 
HE water hammer phenomenon was studied for more than 
one hundred years. This phenomenon is usually explained 

by considering an ideal reservoir–pipe–valve system in which 
a steady flow of fluid is almost instantaneously stopped by a 
valve closure. Water hammer theory is based upon 
Joukovsky’s, momentum and continuity equations [1] which 
must be solved numerically. Hybrid models are usually solved 
by method of characteristics for the water hammer equation 
and by FEM for the solid (compressible) structure. Kochupill ai 
[3] presented finite element formulation based on fluid 
velocity. Other methods for solving water hammer equation 
are presented in [1]. Bessems [3] in his paper focused on 
modeling the linear viscoelastic behavior of blood vessel  
wall  during dynamic loading. 
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This paper deals with water hammer experiment on physical 
model of blood vessel. Mathematical model formulation is 
simpli fied by the fact that only a small  part of system boundary 
is flexible (tested section of elastic tube is very short 
comparing with a long rigid piping in experimental setup). 
Thus the effect of a moving pulse wave can be neglected and 
the whole system can be approximated by the ‘windkessel’  
model that is by a system of ordinary differential equations. 
One specimen of elastic tubes was tested: a simple tube having 
a composite structure as a human blood vessel. And this is the 
primary aim: development and manufacturing of reproducible 
physical model of blood vessel. It is believed that the water 
hammer tests could be useful in further development of this 
physical model of blood vessels. 

II . METHODS 

A Manufacture of physical model blood vessel  

Physical model was developed as tube with composite 
structure with three layers. First (intima) and third (adventitia) 
layer was formed from latex tube with thin wall . Second layer 
(media) was formed from rubber band. This band was 
wounded on outer surface of the first layer in helical structure. 
This rubber band increases its stiffness significantly when a 
large deformation is achieved (tested bands have the limiting 
stretch ratio 2). The connection between layers was realized by 
a sili cone matrix. 

B Experiment – inflation test 

Inflation test was carried out to obtain the dependence between 
pressure and volume, i.e. to provide information on elastic 
behavior of the tested specimen. The physical model 
was inflated by defined increment of volume and pressure 
transducer recorded the corresponding pressure. 

C Experiment – water hammer  test 

Experiment was carried out using the experimental setup 
shown schematicall y in Fig.1. Water flows from a reservoir 
through a vertical pipe and elbow to the tested section closed 
by a valve (stop cock). Pressure (pa) at the water level in the 
reservoir and at the valve outlet is atmospheric, therefore the 
only driving force is gravity (height H). The tested elastic pipe 
has approximately the same initial inner radius (R=10 mm) as 
the connected piping and the valve, the length of tested elastic 
section is about 10% of the connected rigid pipes. Parameters 
of water hammer experiment are presented in Tab. 1. 
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Fig. 1 Scheme of experimental setup with reservoir 

 

Table 1 Water hammer experiment parameters 
Specimen Value 
Inner diameter 0.0174 m 
Wall  thickness 0.0024 m 
Length 0.1450 m 
Piping Value 
Inner pipe diameter 0.02 m 
Wall  thickenss of pipe 0.0028m 
Water level 1 m 

 

D Mathematical model 

Mathematical model is reduced only to 3 ordinary 
differential equations for pressure p(t) in the viscoelastic pipe, 
the flowrate q1(t) in the rigid piping (and at inlet to the elastic 
section) and the flowrate q2(t) through the closing valve.  

 The continuity equation (1),   
 

(1) 
is constrained by the  closing valve characteristic 

(2) 
 
where f(t) is a function decreasing from 1 to 0 and describes 
the time course of gradual closing the valve at outlet.  

The Bernoulli ’s equation (3) takes into account inertia of 
liquid, friction, pressure and gravity forces 

 

  (3) 
 

l   is the dArcy’s friction factor calculated as 64/Re in laminar 
and as 0.316/Re0.25 in the turbulent flow regime. Coeff icient z 
determines local pressure losses in elbow and at the reservoir 
inlet. 

The Eqs.(4,5) describe relationship between pressure, volume 
and rate of the volume change of the viscoelastic section 
(therefore viscoelastic behaviour of wall ).  

 

(4)  

 

(5) 

 
The elastic part G1 can be described by a hyperelastic model 
(assuming symmetrically deformed circular pipe) or by using 
an experimentally determined function from quasistatic 
inflation tests.  The simplest form of G2 follows from a parallel 
dashpot model.  Initial conditions for system (1) (2) (3) and (4) 
are zero pressure (in fact overpressure), volumetric flowrate 
and the volume corresponding to the steady state and fully 
opened valve. Fully implicit numerical solution was 
implemented in a simple Fortran program. 
 

E Frequency analysis 

Frequency analysis was carried out on time interval 0-1 
second. The Frequency was determined as the number of peaks 
per time interval. 

III .  RESULTS 

A Elastic response 

The inflation test of the blood vessel physical model 
revealed nonlinear pressure-volume relationship, see Fig. 2. 

 

 

Fig. 2 Nonlinear pressure-volume relationship fitted by 
Ogden model and Stepwise linear model. 

 
 The two models (one hyperelastic, second stepwise linear 

model) were adopted for description of the pure elastic 
behavior. Ogden’s hyperelastic model of the strain energy 
density W, proposed originally for elastic response of polymer 
materials. Its mathematical form is given by equation (6).  

 

        (6) 

 
Here 
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stress-li ke material parameters and 
Ka  are dimensionless. 

Experimentally identified values from static tests are li sted in 
Table 2. 

Tabel 2 Estimated material parameters for elastic 
contribution. 

Parameter Value 
� 1 1.219 MPa 
� 2 -3.355 MPa 
� 3 0.3449 MPa 
� 1 -4.211 
� 2 -1.153 
� 3 6.028 

 
 Stepwise linear model is described by simple linear 

approximation (7).  
 

i i Ti ip a bl= -                     (7) 

Where parameters ia  represent elastic modulus and ib  is 

pressure intercept. Parameters value ia , ib  are given in Table 

3. Both models fit experimental data successfully. 

Tabel 3 Estimated material parameters for elastic 
contribution. 
Parameter Value Interval V/V0 [-] 

a1 13043 Pa 
<0,0.985> 

b1 19500 Pa 
a2 450116 Pa 

(0.985,1> 
b2 450116 Pa 
a3 1174569 Pa 

(1,1.029 > 
b3 1174569 Pa 
a4 149566 Pa 

(1.029,1,4> 
b4 118957 Pa 

 

B Dynamic response 

Results from experiment and simulation are shown on Fig. 3. 
Points represent recorded pressure during the water hammer 
experiment and the black and blue lines are numerical 
prediction. The parameters for the elastic part of model in the 
Table 2 and viscosity component in the Table 4 were used in 
simulations. 

Tabel 4 Viscosity used in numerical simulation. 

Stepwise linear  viscoelastic model Value 
h  7600 Pa*s 

Ogden’s model with viscosity  

h  7000 Pa*s 

 

 

Fig. 3 Pressure responses after almost instantaneously 
closed valve.  
 
Measured natural frequency was approximately 7 Hz. The 

simulation based on Ogden model gave the frequency 
approximately 5 Hz whereas the stepwise linear model 
predicted 7 Hz. 

IV. CONCLUSION 

The approximation of static inflation experiment by Ogden 
and stepwise linear model was in qualitative agreement with 
the experiment. The same conclusion was made in case of the 
water hammer simulation. It was also found that the viscosity 
of tested specimen can be determined by means of the 
comparison between predicted and measured pressure 
oscill ations. However, the model failed in the prediction of 
material response at underpressure. 
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Abstract—The paper deals with the active vibration 

suppression with a few active elements. There are 
described two concepts of active vibration suppression of 
composite beam with using pulley mechanism. 
Construction, placement sensors and actuators, control 
synthesis and positives and negatives of concepts are 
described in this paper.  
 

Index Terms—Vibration, Active damping, Composite 
structure, Pulley mechanism, Linear  dr ive 
 

INTRODUCTION 

sualy the active vibration suppression of composite 
structures is realized by layers (e.g. [1], [2], [3]), fibers 

e.g. [4] and patches (e.g. [5], [6]). Often used materials are 
piezoelectric and magnetoscrictive materials and 
electrorheological fluid Usage these actuator types to 
suppression vibrations of composite structures allowed the 
penetration of composite materials to dynamic loaded 
construction (e.g. parts of cutting or shaping machine and 
construction of the space telescopic aerial.  

A lot of active elements of big area of layers are necessary 
to eff icient vibration suppression. Quantities of the active 
elements make in these concepts some problems. The first big 
problem is high voltage witch is necessary to control a lot of 
elements. The second big problem is the expensiveness of 
active material. Usage a lot of elements can rise the price of 
construction unacceptably of.   

The concepts, witch described this paper, show possible 
solutions of problems with many active elements. The 
concepts contain sixteen active elements. The quantity of 
active elements is low-order then active elements quantity in 
order similar construction e.g. [5].   

  The paper is organized as follows. In the first paragraph 
are described basic construction, sensors and both type of 
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active mechanisms. The second part described the state space 
form. The third and fourth paragraphs are used to find the 
eff icient sensor and ‘’ actuator’’  places. The fifth paragraph 
deals with control synthesis. The last sixth paragraph show and 
compare the solutions of the both concepts.  
 

I. STRUCTURES 

 
The basic structure is four-corned thin-walled composite 

beam. It is made from carbon fibers and its length is 1800 mm 
and his section is 100 x 100 mm. All  solution are calculated 
for freely hung beam. There are sixteen sensors connected to 
the basic structures. The sensors are accelerometers. The both 
actuator sets are consisted of linear drive, fiber and pulley [7].  
In first concept are linear drives placed in the middle of the 
beam. Eight actuators damped one side of the beam and eight 
actuators damped the second side of the beam (fig 1). This 
concept use the places with the biggest divergence in some 
axes 

 
Fig. 1: The first concept  

 
The second concept contains the second structure inside 

the basic structure. It is the composite beam with some length 
and smaller section. The linear drives and pulleys are 
connected to the second beam (fig. 2). The linear drives are 
not placed in the middle of beam but the place of linear drives 
and pulley are calculated in the paragraph 3.  

 
Fig. 2: The second concept 

U

Kašpárková T, Šika Z. 

The Active Vibration Suppression of Composite 
Beam with a Few Active Elements 

13th WAM, 29.6.2011, CTU in Prague ISBN 978-80-01-04895-5

16



 

II . MODAL STATE SPACE FORM OF SYSTEM 

 
The state space form [7, 8] in equation 2.1 is used to 
calculation placement sensors, actuators and control  

uDxCy

uBdBxAx

m

mrm

×+×=

×+×+×=�
                     (2.1) 

Where the matrix Am is the systems matrix, the matrix Br is 
the disturbing matrix, the matrix Bm is the control input matrix 
and Cm is the output matrix. The system matrix is 
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Where N is the number of degrees of freedom, b is the 
damping and �  is natural frequency. The input matrix Bm and 
Br for force inputs (u = f) is 
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Where V is the matrix of modes. The matrixes Cm and D for 
accelerometers sensors are  

[ ]NNNm bVVbVVC W-W-W-W-= 22 2211111 �   (2.4) 

TVVD ×=                     (2.5) 

III . PLACEMENT OF SENSORS 

 
The places for connecting sensors are optimized by 
Norm H2 [8]. The equation of this norm is   
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Where R is number of all  places for connection sensors. 
The H2 placement index if the ith mode and the kth sensor in 
equation 3.2 make up the matrix of placement indexes. In 
equation 3.3  
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Where wik is the weight assigned and it is chosen as 1. The ith 
row is set indexes of sensors for the ith mode and the kth 
column consist of indexes of the kth sensors for all  modes. The 
vector of sensor placement indexes is defined 

as 
[ ]TsRssS ssss �21=

, where sks
 is rms sum 

of the kth sensor indexes over all  modes. The index sks
 

characterizes the importance of the kth sensor. The places with 

the highest indexes sks
 are good for placing the sensors. 

These places are in the both end of the beam (fig. 3). 
The sensors in the middle of the walls measure directions x 
and y and the sensors in the corners measure direction z. 

 

Fig. 3: The placement of sensors, first picture is the start of 
beam and the second picture is the end of beam [9] 

 

IV.PLACEMENT OF ACTUATORS 

 
The places for connecting fibers in first concept are optimized 
by Norm H2 [8] as in sensor calculation. They are chosen the 
places with the biggest authority in each direction. The places 
for connection fibers in the first concepts are the same as 
sensors places. 
The places for connecting fibers in second concept are defined 
as combination places on the primary beam and places for the 
pulley on the secondary beam [9]. The combinations are 
calculated from the condition of the controllabilit y grammian 
[8] for each mode. The controllabilit y grammian is calculated 
from the state space form (equation 2.1). Its integral form is in 
equation 4.1 ands its more used differential form is in equation 
4.2. 
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The target of the optimization is the best value of the condition 
number of the controllabilit y grammian. The best combination 
of the fiber and pulley position has been evaluated separately 
for the particular modes. 
 

V.CONTROL LAW SYNTHESYS 

 
It is many possibiliti es of the control synthesis. In this case are 
the actuators under control of the state space feedback control 
[10]. The control input is calculated from the state space 
feedback and the control input is defined in equation 5.1  

  xKu ×-=                             (5.1) 

where K is the gain of feedback control. From equations 
2.1 and 5.1 follow  

  )( dBxKBAx rmm ×+×-=�            (5.2) 

The gain K is determined as minimization of quadratic cost 
function J from LQR method. The quadratic cost function J is 
defined in equation 5.3 

( )   
2
1

0
�
¥

××+××= dtuTuxQxJ TT          (5.3) 

where Q and T represent weights on the different states and 
control channels. The matrix Q have to be symmetric semi-
positi ve definite and T have to be symmetric positi ve definite. 
The matrix T is diagonal matrix and its elements are 0.001. 
The matrix Q [11] is defined in equation 5.4. 

HHQ T=                    (5.4) 

where H is the matrix of weight of the state. The gain matrix K 
is calculated in equation 5.5 

 1 PBTK T
m

-=                  (5.5) 

Where P is calculated from Riccati equation  

01 =-++ - PBTPBQPAPA T
mm

T         (5.6) 

VI . EXAMPLE OF RESULTS 

 

The results are transfer functions of uncontrolled and 
controlled beam. Uncontrolled beam have black line, the first 
concept have red line and the second concept have blue line. 
The results are 16 graphs from 16 accelerometers.  
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VII .CONCLUSION 
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Two new concepts of active suppression of vibration with few 
actuators have been presented. Both concepts use linear drive 
and pulley mechanisms with composite fiber to vibration 
damping. The first concept is speciali zed to suppression 
deviation of the directions. The second concept is speciali zed 
to damping of separate modes.  
The sensor places are found with Norm H2 by both concepts. 
The same method is use to finding the actuator places (fiber 
connection). The condition number of the controllabilit y 
grammian has been use to finding combination of places pulley 
and places of fiber connection. The state space feedback 
control with LQR method is used to control the control input.  
The first concept has better results in direction z, but in 
another direction is worse or same. The second concept make 
better possible reduce number of actuators. 
Now the experiment is prepared and the experimental results 
of presented concepts will  be known in the end of the summer.     
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I. INTRODUCTION 
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Secondly the mold prototype was manufactured using 3D 
printer Prodigy plus, Stratasys, USA (Fig. 1b). The outer parts 
were made of ABS durable thermoplastic whereas the inner 
part was made of soluble material intended for support 
structures. This material can be dissolved by weak alkali ne 
solution (WaterWorks technology by Stratasys, USA).  

After mould finishing, Sylgard 184 elastomer was prepared. 
The mutual weight ratio of curing agent and base stuff  was 
chosen as 1:10. The ratio is assumed to have a strong impact 
on the elastical properties of final matter. The article [9] 
dealing with this material declare the dependence shown on 
(Fig. 2a). But our own uniaxial tensil e tests with reference 
specimens showed different stress/strain dependence (Fig 2b). 

 

 
Fig. 2a. The elasticity dependence on the mutual ratio of A and B parts 
 of Sylgard 184 – uniaxial tensile test [9]  
 

 
Fig. 2b. Uniaxial tensile test of reference specimens  
 
During mixing of Sylgard, some air bubbles got inside and 

would have caused discontinuity of model. In order to remove 
them, Sylgard 184 was placed to vacuum chamber for 15 
minutes before casting.  

Then the model was casted immediately. After 18 hours, 
when the elastomer polymerized, the physical model was 
carefull y removed from the outer mould. The inner one was 
dissolved.  

Geometrical parameters of the bifurcation and experimental 
setup are shown in (Fig.3). All  edges at the branching area 
were rounded with a radius r=1mm. 

 

 
Fig. 3. Geometrical parameters of casted AB with region of interest 
 

B. FEM model 

FEM analysis was performed using Abaqus/CAE 6.9-2. The 
model has the same geometry as casted bifurcation. 2D shell  
elements seemed to be suff icient for the purpose of this study. 
Data from uniaxial tensil e test were fitted by hyperelastic, 
incompressible, polynomial Yeoh model with expression of 
deformation energy density: � � � � � � �� 	 
 � ��

�  �  
Average element size in “ the crotch”  of bifurcation was 

0,15mm (in other places 1mm). Structured meshing by 4-node 
elements was used in the crotch and tube-li ke areas. The 
automatic mesh generator was used for a rest of geometry. 

Kinematical boundary conditi on: All  degrees of freedom 
were restricted in “end-circles”  (Fig. 3). 

Dynamical boundary condition: The inner surfaces were 
loaded by pressure of 16 kPa.  

 

III . RESULTS 

The crotch of bifurcation was assessed as the region of 
highest interest. Mises stress was mapped on the path from 
this point to the end of branched tube (Fig. 4a). Mises stress 
ratio was calculated as a ratio of Mises stress and a nominal 
Mises stress, which would occur in a straight tube. The 
distribution of this ratio on the path is shown on (Fig. 4b). The 
Mises stress ratio in the middle point of the crotch was approx. 
4.5.  

Fig. 4a. Mises stress of pressurized AB with marked path of interest 
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From this point (the origin of the path) the stress rapidly 
degreases and from the distance of approx. one tube radius 
(1/2 D), its value is comparable to the nominal stress, which 
would occur in non-branched straight tube. 

 

 
 
Fig. 4b. The ratio of region-specific Mises stress and the nominal stress 

on the path from the middle of the croatch 
 
 

IV. CONCLUSION AND DISCUSSION 

The technical node of real bifurcation model casting was 
described. Sili con polymer Sylgard 184 seems to be very 
suitable material even for more geometricall y complex parts 
of CVS.  Its fluidity before polymerization is very good. 
Moreover Sylgard 184 is transparent, what can be widely used 
for measuring of flow parameters inside. But this property 
depends on moulds surface qualit y. Differences in mechanical 
properties between uniaxial tensile tests, which we performed 
and publi shed data [9], are caused probably due to following 
no strictly the same preparation conditions. The main 
difference was the temperature during polymerization. 

FEM analysis was performed to evaluate Mises stress 
distribution. The deviation of first principal stress or tangential 
stress and Mises stress was less than 15%, therefore Mises 
stress was assessed as a good representative of stress state in 
AB wall .  

It´s fair to say, that the stress ratio depends on the size of 
elements in the crotch. For this reason other different meshes 
were generated with a various elements sizes. One would say, 
that the prediction of Mises stress for “zero-size” elements 
seems to converge to a finite value (Fig. 5).  

The comparison of experimental measurement of casted AB 
and FEM analysis will  be performed in the near future. 

The lit erature [8] claims, that atherosclerotic lesions as 
same as stress concentrators occur not only at the crotch, but 
also at “hips”  of AB. These stress concentrators were 
observed, nevertheless their value of Mises stress ratio were 
less than 1,7 in this case. One would say that theses 
concentrators are insignificant in comparison with the crotch 
concentrator, but they affect larger areas of the AB. 

The physiological pre-stress of aorta inside human body is 

beli eved to reduce stress concentration, but this phenomenon 
was neglected. 

 

 
Fig. 5. The value of Mises stress for “zero-size” elements seems to 

converge to a finite number.  
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Abstract — Fracture strain (strain reached at the instant of 

fracture) is one of the commonly used criteria of ductile fracture. 
Theoretical and experimental studies have shown that it depends 
on the stress state and that stress tr iaxiali ty is the key parameter 
controlli ng the magnitude of the fracture strain. This paper 
presents the way how to use the damage model which is extended 
for  3D usage by utili zation of the Lode angle parameter. The 
fracture strain is defined in the stress tr iaxiali ty and Lode 
parameter space as a sur face. For  description of the parameters 
of the material model it is necessary to use the numerical 
simulation and experimental material tests for  calibrating the 
material parameters. 
 

Index Terms — ductile fracture, stress tr iaxiali ty, Lode angle 
 

I MOTIVATION 
Within the scope of the project “Ductile damage of the 
material for nuclear faciliti es”  we aim to find a way of 
description of a material fracture model for numerical 
simulations. The fracture strain models are included from the 
literature and we try to calibrate material parameters for 
computing. 
 

II  II  THEORETICAL - INTRODUCTION 
The main ideas of the research activity are contained in this 
chapter. It deals with characterization of the stress state and 
ductile fracture models and their application.  

If  a material is assumed to be isotropic, the material models 
can be formulated by means of three invariants of the stress 
tensor [� ], defined as 

[ ]( ) ( )3213
1

3
1

sssss ++-=-=-= trp m  

[ ] [ ]

( ) ( ) ( )2
13

2
32

2
212

1

:
2
3

ssssss

s

-+-+-=

== SSq
�

 

[ ] [ ] [ ] [ ]( )

( )( )( )��
�

��

�
---=

��

�
��

�
=�

�

	


�

�
×=

mmm

SSSSr

ssssss 221

3
1

3
1

2
27

det
2
27

:
2
9

 

Where [S] is the deviatoric stress tensor,  

[ ] [ ] [ ]lpS += s  

[I]  is the identity tensor and � 1, � 2 and � 3 describe the 

principal stresses. It is assumed that � 1 �  � 2 �  � 3. It is 
convenient to work with the dimensionless hydrostatic 
pressure h , defined by 

s
s

h �m
q
p

=
-

=  

The parameter h , often referred to as the triaxiality parameter, 

has been extensively used with ductile fracture. The second 

important parameter is the Lode angleq , which is related to 
the normalized third stress invariant �  through 

( )qx 3cos
3

=��
�

	



�

�
=

q
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Since the range of the Lode angle is 30 pq ££ , the range of 

�  is 11 ££- x . The geometrical representation of the Lode 
angle is shown in the Fig. 1. 

 
Fig. 1 – Three types of coordinate system in the area of 
principal stresses [1]. 
 
The stress state in a particular point in an isotropic material 
can be defined in three coordinate systems, as shown in Fig. 1. 
The first one is the Cartesian coordinate system( )321 ,, sss , 

the second one is the cylindrical coordinate system ( )qss ,,m ,  

and the third one is the spherical coordinate system ( )qje ,,d , 

where the equivalent stress s  is related to the equivalent 
strain e

�
 through the strain hardening function of a material. 

The coordinate �  is related to the stress triaxialit y h  by the 

II .A CHARACTERIZATION OF STRESS STATES
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following equation: 

j
s
s

h tan
3
2

cm ==  

Furthermore, the Lode angle can be normalized by 
 

x
pp

q
q arccos

2
1

6
1 -=-=  

The range of q  is 11 ££- q . The parameter q  is called the 
Lode angle. Now all  stress directions can be characterized by 
the set of parameters ( )qh ,  defined above. It can be shown 

that 1=q  corresponds to the axisymmetric tension, 0=q  
corresponds to the plane strain or generalized shear loading 
conditions and 1-=q  corresponds to the axisymmetric 
compression [1].  

The equivalent plastic strain fracture fe  is widely used to 

characterize material ductilit y in engineering applications. One 
of the basic fracture models is the constant fracture model. In 

general fe  is not constant under different loading conditions. 

Stress triaxiality is the only important parameter for simpler 
fracture models. McClintock and Rice and Tray analyzed the 
void growth under hydrostatic loading and derived a simple 
exponential expression for the function - ( )he fˆ  , which will  

be referred to as a 2D fracture locus. 

( ) hhee 2
1ˆ C

ff eC -==  

 
where C1 and C2 are material constants. Johnson and Cook 
proposed that material ductilit y can be expressed by an 
exponential function of the stress triaxiality 

( ) hhee 3
21ˆ C

ff eCC -+== , 

 
where  C1, C2 and C3 are material constants. This formulation 
means that the fracture strain depends on the stress triaxiality. 
This model has become very popular in engineering 
applications. Bai and Wierzbicki have formulated a more 
complicated model. Both of the above fracture models 
consider only the effect of triaxiality. The general 3D 
asymmetric fracture locus is constructed in the 3D space of an 
equivalent strain to fracture fe , stress triaxiality h  and the 

Lode angle parameter q , as shown in the following equation: 
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The geometrical representation of the 3D asymmetric fracture 
locus is shown in Fig 2. 
 

 
Fig. 2 – A general 3D fracture locus postulated by Bai and 
Wierzbicki. 
 
The dependence of the equivalent strain of the fracture on the 
stress triaxiality h  is described by an exponential function 

while its dependence on the Lode angle parameter q  is taken 
to be parabolic.  

( ) he 2
1ˆ D

f eD -+ =  

corresponds to the bounding curve at 1=q ,  
( ) he 6

5ˆ D
f eD -- =  

corresponds to the bounding curve at 1-=q , and finall y 
( ) he 4

3
0ˆ D
f eD -=  

corresponds to the bounding curve at  0=q . There are six 
fracture (material) constants in the model. 
 

III  OUR EXPERIMENTS AND NUMERICAL SIMULATION 
 

These experiments and numerical simulation have been 
processed in order to calibrate the fracture (material) 
parameter. The numerical simulation was calculated using 
FEM with the Abaqus software. The values of triaxialit y and 
the Lode angle parameter are shown in Fig 3. It is necessary to 
carry out different material tests for each area in the plane of 
the stress triaxiality and the Lode angle parameter.  

II .B  - DUCTILE FRACTURE MODELS
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Fig. 3 – Conceptual representation of initial stress states on 

the plane of - � � and� q . 
The procedure of the numerical simulation test is introduced 
below. The Comtes –FHTcompany executed the experimental 
part for these material tests.  

 
 

Samples with a notch 
The numerical simulation model of samples with a notch was 
created in the Abaqus software. The  material data used were 
adapted from the material library for materials 15CH2NFA 
and 08CH18N10T. It was considered an axisymmetric 
problem with the other symmetry surface. Only one quarter of 
the numeric model was created. See Fig. 4. 

 
Fig. 4 – Example von Mises stress of the one quater of the 
numeric model of sample with a notch with diameter 12 mm 
and radius of the notch 2 mm from material 15CH2NFA.  

 
The needed force was calculated from an analytical equation 

and the results were used in the numerical model. The values 
of the stress triaxilit y were calculated in the path from the 
center of the notch to the center of the sample. As shown in 
Fig. 5 for samples with diameter 12 mm.  
 

 
 

Fig. 5 – Course of the stress triaxiality from the center of the 
notch to the center of the sample for different notches and 
material 15CH2NFA. 
 
 Flat samples 
The numerical simulation model of flat samples with a notch 
was created in the Abaqus software. It was considered  
symmetric problem, which was symmetric according to all  of 
the main surfaces. One eighth of the numeric model was 
created with the correct boundary conditions for symmetry. 
See Fig. 6. The material data used were for materials 
08CH18N10T, 15CH2NFA and Zircon. The load of the 
sample was prescribed for movement 1 mm in the loading 
direction. 
 

 
Fig. 6 – Example von Mises stress of the sample with lenght 
10 mm, width 5 mm, thickness 0,5 mm and notch 1,25 mm for 
material 15CH2NFA. 
 
The stress triaxilit y in the path from  the center of the notch to 
the free surface, which  best represented the plane stress was 
calculated in the sample. As shown in Fig 7 for different 

III .A TENSILE TESTS
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notches. 

 
Fig 7. – Course of the stress triaxiality from the center of the 
notch to free surface for material 15CH2NFA. 

 
 

Samples with a notch 
The numerical simulation model of samples with a notch was 
created in the Abaqus software.The material data used were 
adapted from the material library for materials 15CH2NFA 
and 08CH18N10T. It was considered an axisymmetric 
problem with the other symmetry surface. Only one quarter of 
the numeric model was created. See Fig. 8. 
 

 
Fig. 8 - Example von Mises stress of the one quater of the 
numeric model of sample with a notch with diameter 12 mm 
and radius of the notch 2 mm from material 15CH2NFA. 
 
The needed force was calculated from an analytical equation 
and the results were used in the numerical model. The values 
of stress triaxilit y were calculated in the path from the center 
of the notch to the center of the sample. For samples with 
diameter 12 mm see Fig. 9. 
 

 
Fig. 9 – Course of the stress triaxialit y from center of the 
notch to the center of the sample for different notches and 
material 15CH2NFA. 
 

Smooth samples 
For the numerical simulation a model of smooth samples was 
created in the Abaqus software. The material data usedwere 
adapted from the material library for materials 15CH2NFA 
and 08CH18N10T. It was considered an axisymmetric 
problem with the other symmetry surface. Only one quarter of 
the numeric model was created as shown in Fig. 10. 

 
Fig. 10 – Magnitude diplacement of the smooth sample with 
diameter 5 mm and height 7,5 mm for material 08CH18N10T. 
 
Two numerical tests were processed. The first one was without 
friction in the jaws and for the second one absolut friction in 
the jaws was considered. The load force was calculated from 
an analytical equation. For a sample with the friction see Fig. 
11. 
 

 
Fig. 11 – Von Mises stress of the smooth sample with the 
absolut friction for material 08CH18N10T. 

III .B PRESSURE TESTS 

13th WAM, 29.6.2011, CTU in Prague ISBN 978-80-01-04895-5

26



 

 
 
 

The sample for the shear test was an axisymmetric problem. 
The loading was simulated using two rigid body plates. One 
plate was placed on the bottom of the sample with zero 
displacement applied. For the other one the displacement of 5 
mm was used in the loading direction. For the results of the 
simulation see Fig. 12. 

 

 
Fig. 12 – Von Mises stress of sample for the shear test. 
 
The shear test simulated both, static situation and dynamic 
situation. The results show that for both simulations the 
situation is similar – Fig. 13.  

 
Fig. 13 – figure of shear rate plastic strain on displacement. 
 
Only the static simulation could be used for calibrating 
material parameters. 
 

 
 

The numeric model for Nakazima test was asymmetric 
problem, which was symmetric according to all  of the main 
surfaces. The model is an assembly of three parts – a punch, 

jaws and a sheet. Both the punch and the jaws are designed as 
a rigid body surface, while the sheet as a thin metal plate 
designed as the symmetric problem constitutes the only part 
that is subject to the deformation. The loading is described by 
displacement 15 mm of the punch in the loading direction. The 
sheet after calculation is shown in Fig. 14 

 

 
Fig. 14 – Equivivalent plastic strain for sample sheet with 
notch 40 mm and diameter of the sheet 100 mm. 
 
The important point, where the stress triaxiality is calculated, 
is in the center of the sample on the bottom side. For results of 
the calculation see Fig 15. 

 
Fig 15. – Course of the stress triaxialit y and equivalent plastic 
strain. 

 
CONCLUSION 
 

Within the scope of our project we have finished the first 
step. It includes computational support of static material tests. 
Similarly, dynamic tests are planned to be prepared in the 
same way. In the phase of ductile fracture calibration 
numerical simulations of material tests would be necessary to 
repeat with ductile damage model included. The Jonson-
Cook’s material, which is implemented in the Abaqus 
software, will  be used in these calculations as the first one. The 
more complicated Bao Werzbicki formulation may be 
programmed in thefuture. This formulation would have to be 

III .C SHEAR TEST 

III .D NAKA ZIMA TEST 

IV.
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programmed in Fortran as an user subroutine in the Abaqus 
software. 
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Abstract: The paper deals with using HAC/LAC strategy for  

the Mechatronic Stiffness and explores posibili tes of using the 
Integral Shape Control as HAC. The proposed control strategy is 
analyzed numericall y showing good performance for  increasing of 
dynamic stiffness at low frequencies. 

 
Index Terms—: Active damping of vibrations, Integral Force 

Feedback, Mechatronic stiffness, Shape control.     
 

I.INTRODUCTION 

HE Mechatronic stiffness concept is based on increasing 
dynamical stiffness of a primary structure using auxili ary 
structure connected by set of actuators (Fig. 1.). The 

actuators with an appropriate sensors connected in the 
feedback loop compensate deviations of the primary structure. 
The concept was investigated analyticall y and experimentall y 
using the model based control approach LQR (see [1], [2]). 

 
 
Fig. 1 The Concept of Mechatronic stiffness. Image from [1]. 
 

Necessity of having an accurate model to design the 
controller is the disadvantage of the LQR method. The model 
of finite dimensions can’ t cover up the whole dynamic 
behavior of a real structure. Moreover, during the controller 
design process we are forced to reduce model of the structure 
to keep the controller order acceptably small . The discrepancy 
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can lead to a substantial decrease of the controller performance 
and the instabilit y may occurs in the worst case (Spill over 
effect, see. [3]). 

Partiall y these can be solved by LAC/HAC strategy. The 
controller can be divided in to two parts: the Low Authority 
Controller (LAC) using the collocated decentrali zed control 
strategy to increase damping of the structure and the High 
Authority Controller (HAC) for the displacement control.   

 
 
Fig. 2 The HAC/LAC control strategy for position control of  the truss. 

Image from [3]. 
 

Since the LAC is collocated, the control loop is 
unconditionally stable while assuming ideal actuators/sensors. 
The damping introduced to the system by the LAC can 
increase resistance to instabiliti es of the HAC. Traditionally 
the High Authority Controller is the LQG controller. In [3], 
this strategy was used for the wide band position control of the 
truss (Fig. 2).  

The aim of this paper is to explore the possibiliti es of using 
Integral Shape Control as HAC in the case of the mechatronic 
stiffness. 

T
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II .SHAPE CONTROL 

The theory of shape control is based on the principle that for 
deformable bodies loaded by external forces it is possible to 
find such an internal mechanical strain distribution that is 
exactly opposite to the strain caused by this loading.  

 
 
Fig. 3 An Electrodes shape of a piezoelectric layer for compensating of a 

beam tip force. Image from [4].   
 

The paper [4] describes possibiliti es of using 
Euler-Bernouli  beam theory to construct the electrode shape of 
piezoelectric layer on the beam to eliminate the deformation 
caused by the external loading.  

 Moreover the control can be collocated if we use the 
electrode with the same shape for piezoelectric sensor 
([4],[5]). The shape of electrode can be approximately 
discretized by using of n rectangular piezoelectric actuators. 
Then, the desired deformation can be achieved by stepwise 
electrical voltage on particular actuators [6]. Then from the 
control point of view we can understand the integral shape 
control as a transformation of MIMO (Multiple Output 
Multiple Input) system to SISO (Single Output Single Input) 
as you can see in Fig. 4. It can simpli fy the process of 
controller design.  
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Fig. 4 The Block diagram of MIMO to SISO transformation by input and 

output weighting functions f,g. 
 

In the case of the mechatronic stiffnes we can also design 
the force distribution to actuators that will  make the primary 
beam strait. On the condition of that we know the spatial 
distribution of the external forces. 

III .   CONTROL STRATEGY 

Consider a structure composed from two beams connected 

by set of n piezoelectric stack actuators equipped by tension 
sensor as you can see in Fig. 5. The primary beam is loaded by 
the external force F (disturbance). The tip displacement of the 
primary beam is measured by a PSD sensor  
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Fig. 5 The Controled Structure. 

 
The LAC is represented by n independent Integral Force 

Feedback (IFF) loops between each collocated actuator-sensor 
pair (see Fig. 6). All  lopes with same feedback gain g. 

1
( )D s g

s
=  (1) 

For the details about IFF see [3]. 

�� ��

� �� �

 
 
Fig. 6 The LAC control loops.  
 

The HAC controller is designed to control the tip 
displacement, while the actuators are controlled by scalar input 
signal through the weighting function f. The complete block 
diagram of the suggested control strategy is in Fig. 7. Since the 
HAC feedback is not collocated, the low pass filter should be 
included to avoid the instabiliti es.  

2

2 2( )
2

c

c c

F s
s s

w
w x w

=
+ +

 (2) 

The standard PI controller will  be used:  

( ) (1 )irH s r
s

= +  (3) 
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Fig. 7 The HAC/LAC control strategy with the Integral Shape Control. 

IV.NUMERICAL EXPERIMENTS 

The proposed strategy was tested on a model prepared by 
the Finite Element Method using BEAM and LINK type 
elements. The material of the beams was chosen to be a carbon 
fiber composite. Parameters of the modeled beams can be seen 
in Table 1. 

We decided to use three actuators uniformly distributed 
along the length of the beams. The actuators was modeled 
using the LINK elements with stiffness ka=2.1� 107 [N/m] . It is 
approximately 50 times higher in comparison with the bending 
stiffness of the primary beam.  

 
Table 1 Paremeters of the beams. 
 

 Primary 
beam. 

Secondary 
beam 

Length  
[m]  

2 2 

Moment of inertia 
[mm4]  

3.8��� �  5.1� 105 

Cross section area 
[mm2]  

2834 2100 

Density 
[Kg� m-3]  

1470 1470 

Modulus of Elasticity  
[GPa]  

280 280 

 

A. LAC controller 

We adjust the feedback gain g using the root-locus method. 
The positions of roots for the adjusted gain g can be seen as 
black dots in the root locus Fig. 8 
 Remark, that all  others roots, which cannot be seen on the 
introduced figure, were stable for all  g. It relates to 
unconditional stabilit y of collocated systems. 
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Fig. 8 Root locus of closed loop poles of system with the LAC controller.  
 

Fig. 9 shows the open and closed loop frequency response 
functions between the force F and the tip displacement ut1 of 
the primary beam.  
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Fig. 9 The Frequency Response Function ut1/F with and without LAC 

controller. 
 

B HAC controller 

In order to identify the shape function f, the Forces on 
actuators that produce the displacement of the primary beam 
same as a displacement from unit force F had to be computed. 
It was done by the least square method. Fig. 10 shows the 
displacement of the beam from actuators and force F. The 
displacements curves are identical with the root mean square 
error equal to 4��� -22.  
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Fig. 10 The displacment along the primary beam. 
 

After that the other parameters of the blocks in the HAC 
feedback loop could be set up. The low pass filter cut of 
frequency was preset to � c=0.9�� 2 and the constants of PI 
controller were adjusted in order to increase dumping of the 
first mode and decrease a stiffness in low frequencies.  

Fig. 11 shows the final frequency response function of the 
controlled system, we can see that the first mode almost 
vanished and also the response at frequencies lower than � 1 

was inreased substantially. Since, the PI controller was used 
the static gain is zero as is shown on Fig. 12.  
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Fig. 11 The Frequency Response Function ut1/F achieved by HAC/LAC 

control strategy. 
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Fig. 12 The Response of tip displacement ut1to the step input of Force F.  

V.CONLUSIONS 

The possibiliti es of using the proposed control methods 
were investigated. The Numerical analysis showed good 

performance of the HAC/LAC controller for damping of the 
first six modes. Unfortunately the stiffness was positively 
affected just for frequencies lower than the first resonant 
frequency of the analyzed system. 
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? 
Abstract— This paper presents a histomor fometr ical analysis 

of internal structure and organization of components within the 
vein wall . Dominant directions of collagen fibers were 
investigated in histological sections from media and adventitia 
layer of the human vena cava. Sections were analyzed by in-house 
developed software BinaryDirections. Digital images were 
converted to binary pixel maps, where white color  represents 
collagen fibers. Software, BinaryDirections, employs an algor ithm 
of the Rotating Line Segment to determine significant directions 
in digital images. I t was found that collagen fibers are aligned in 
circumferential direction in media layer. Contrary to that in 
adventitia fibers are arr anged in longitudinal direction. In 
contrast to elastic ar tery, no evidence of heli call y reinforced 
composite structure was found.  
 

Index Terms— blood vessel architecture, vena cava, 
collagen, fiber distr ibution, biological composite  

I. INTRODUCTION 

n recent years a big increase in interest in constitutive 
models of biological tissues based on their microstructure 

was noticed. Biological tissues comprise large number of 
different cells, matrix proteins and bonding elements. A good 
understanding of internal structure and organization of 
material is necessary to effectively develop these models. 

When the vein wall  is considered, there are three distinct 
layers (tunics). Each layer has different function and 
composition. Tunica intima is the inner layer of the vascular 
wall  and is composed of one layer of flat endothelial cells [1].  
In healthy young individuals the intima is very thin and its 
influence on the mechanical properties of blood vessels is 
insignificant. Tunica media is the middle layer of blood 
vessels. It consists of a complex three-dimensional network of 
SMC, elastin and boundless of collagen fibril s [2].  For 
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instance in aorta, orientation of fibrill ar components is heli cal, 
with very small  pitch hence the fibrils in the media are almost 
circumferentially oriented. From a mechanical point of view, 
media is the most significant layer in a healthy artery [3]. 
Tunica adventitia is the outer layer of blood vessel. It consists 
of fibroblasts and fibrocytes (cell s that produce collagen and 
elastin), ground substance and thick bundles of collagen 
fibrils. The adventitia is continuously surrounded by loose 
connective tissue. Generall y, the thickness of venous wall  is 
smaller than the thickness of the arterial wall  of the same inner 
diameter [1]. The different types of vessels differ by having 
one of the layers more or less developed.  Histological 
structure of muscular arteries may differ significantly. For 
more details see [2-3] and references therein.  

Our aim was to analyze the internal structure of material 
within the vein wall . Dominant directions of collagen fibers 
were investigated in histological from media and adventitia 
layer of the vein. 

II . MATERIAL AND METHODS 

Histological sections were obtained from human abdominal 
vena cava inferior. The orientation of sections and the 
definition of collagen fiber angle b are shown in Fig. 1. 
Specimens were routinely fixed in 10% buffered 
formaldehyde, embedded in paraff in, cut, and stained with Van 
Gieson. Digitalized images were evaluated by in house 
developed software BinaryDirections with implemented 
algorithm of the Rotating Line Segment (RoLS).  

 

Fig. 1 Orientation of the histological sections and definition of 
the angle b. 

Digital images were converted to binary pixel maps by 
tresholding of RGB filter which transforms stained collagen to 
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white (logical unity) pixels and non-collagen components to 
black (logical zero) pixels. Binary conversion was obtained in 
software NIS-Elements (NIKON INSTRUMENTS INC., 
USA, New York). 

A. RoLS Algorithm 

Exact mathematical formulation of the Rotating Line 
Segment (RoLS) was described in detail s in [4]. Histological 
section converted to binary pixel map can be viewed as the 
matrix with elements uniquely corresponding to pixels. 
Elements are equal to either zero or unity depending on the 
pixel color. The algorithm explores neighborhood of each non-
zero pixel (called target pixel) in the image using the rotating 
line segment. The neighborhood of the target pixel is a square 
represented by NxN submatrix M , where N is an odd integer. 
Now, imaginary line segment is rotated step by step around the 
midpoint of the neighborhood. Each rotating step, b, of the 
line segment is represented via additional NxN matrix, say Lb. 
Lb has only non-zero elements in positions corresponding to 
the rotated line segment.  

The aim of RoLS is to find dominant directions in an 
image. This procedure is based on so-called matching 
coeff icient, C(b). The matching coeff icient is normalized 
number of non-zero pixels shared with the line segment and 
neighborhood of target pixel at given rotating step b: 

( ) 1 1

N N

ij ij
i j

M L

C
Nl

b

b = =

×

=
� �

 (1) 

1 1

N N

ij
i j

l Lb

= =

= � �  (2) 

Normalization procedure is related to length of square 
neighborhood N and number of pixels creating the line 
segment, l.     

There are two ways how to obtain relevant information 
about directional frequency of non-zero (collagen) pixels in 
the neighborhood of target pixel. First, one can reduce 
information from pixels neighborhood to the most frequent 
angle (rotation step with the greatest C(b)) and create 
histogram over the entire image (all  target pixels). The second 
way is to consider C(b) as a function of b in each pixel and 
averaged these functions through all  target pixels. Obtained 
results may depend on N, therefore analyses should be 
repeated with different values of N and the N should be chosen 
with respect to characteristic dimensions of structures 
observed in images (eyes of expert are the best optimization 
tool, as usually). 
Image-based determination of tissue architecture may employ 
many kinds of algorithms and mathematical methods. 
Presented algorithm, RoLS, is similar to the so-called volume 
orientation (VO) method which operates with point grid and 
seeks for the longest intercept in target volume. VO was first 
described in Odgaard et al. [5]. It was found to be suitable 
within an analysis of bone architecture. Interested reader can 
track detail s in [6] or recent review [7]. 

III . RESULTS 

Fig. 2 – Left panel shows an example of digital image from 
media and definition of angle b. The same image converted to 
a binary pixel map is in Fig. 2 (Right panel). The sensitivity of 
the results to the length of rotating line segment is shown in 
Fig. 3. It was found that the usage of different lengths of the 
rotating segment NÎ { 61 pix, 121 pix, 181 pix, 201 pix}  have 
not significant effect on the distribution of angle b. Final 
results for images processed in BinaryDirections from media 
and adventitia are shown in Fig. 4. 

 

Fig. 2 Left  panel - Histological section from media layer 
stained with Van Gieson. Collagen fibers are stained in red. 
Right panel - Binary pixel map created from histological 
image in left panel. White color represents collagen fibers. 

 
Fig. 3 The sensitivity of the results to the length of rotating 

line segment. Empirical probabilit y density function for 
selected section from adventitia (left) and media (right) for 4 

lengths of line segment.  

 

Fig. 4 Resulting averaged empirical probabilit y density 
function for media (red) and adventitia (blue). 
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It was found that collagen fibers in media are aligned in 
circumferential direction. Contrary to that fibers in adventitia 
are oriented in longitudinal direction.  

IV. CONCUSSIONS 

It was shown that analyzed histological images from human 
vein adventitia gives unimodal density distribution of 
orientations with one maximum at approx. 90° for the collagen 
fibers. It was found that orientation of collagen fibers in media 
is purely circumferential with very compact organization of 
collagen. Conversely, results from adventitia show that 
orientation of collagen is axial with sparse arrangement of 
fibers. This arrangement of components within the vein wall  
differs from arrangement for example in aorta. This may be a 
consequence of another type of loading, where skeletal 
muscles are helping venous return mechanism. There is also 
lower blood pressure in veins than in arteries. Contrary to 
elastic artery, no evidence for modeling vein as helix 
reinforced composite was found. 
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* 
Abstract² A vehicle r ide in a sever terr ain requires special 

techniques of modelli ng because of low tr avel speed, high verti cal 
and lateral wheel displacement and high roughness of a sur face. 
In this paper a novel multi -body model of a vehicle r ide has been 
proposed taking into account these specifi c reuirements. A 
special attention has been paid to tire modell ing and contact 
patch forces. The proposed modell ing technique has been tested 
on vehicle with two differ ent suspension systems showing a 
signifi cant improvement in lowering of lateral wheel 
displacement dur ing bounce or  rebound.   
 

Index Terms² off road vehicle r ide, tire modell ing, long wheel 
tr avel suspension 

INTRODUCTION 

At the present time using a simulation in vehicle 
development is indispensable. The wheel suspension is the key 
vehicle component, which at most affects overall vehicle 
behavior. For modelling of a vehicle ride wide variety of 
miscellaneous models from very simple to the complex ones 
can be used [5]. All these models are primaril y intended to use 
for application on road vehicles. In behalf of getting a basic 
idea of suspension behavior in heavy terrain with essential 
dynamic models satisfied the requirements. By using dif ferent 
suspension characteristic and exciting these models by same 
road (terrain) disturbances these suspension types can be 
compared. 

Building of the off-road vehicle model is described in the 
article and the model is used to compare two types of 
suspension. The first one is conventional suspension and the 
second is one has nearly linear vertical wheel motion. The 
most signif icant dif ferences with regard to the road vehicle 
model are described primaril y. 

MODEL SET UP 

Modelling of an off-road vehicle brings dif ferences which 
do not occur in road vehicle models. Next chapters describe 
the model structure and these dif ferences are characterized in 
more details.  
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A. Vehicle model 

The model used in this study is based on a full car model. 
The wheel suspension is independent and the model includes 
spring and damper for each wheel. No other external force is 
applied to the model. The mathematical model is then 
combination of the full car model and a model of tire lateral 
behavior. The model is simulated as non-linear and all 
position variables are measured from static equilibrium 
position. 

 

 
Figure 1 A non-linear full  car model with marked dimensions, forces and 
coordinates. M, Ir, Ip, Iy  are sprung mass and moments of inertia respectively, 
mr and mf are suspension unsprung masses, af, ar, tr are wheelbase and track 
dimension respectively, kf, kr and bf, br are suspension stiffness and dumping 
respectively, ktire is tire stiffness, Ftfl, Ftfr, Ftrl, Ftrr are tire lateral force, y, z, zfr, 
zfl, zrr, zrl��. ��� ��� �DUH�SRVLWLRQ�and angular position coordinates and v is vehicle 
speed. Subscripts f and r indicate front and rear axle while subscripts l and r 
indicate left and right side.       

B. Tire model 

One of the most significant features of the off-road vehicles 
is long wheel travel. For purpose of this model the suspension 
with maximal wheel travel roughly 0.4 m is assumed. 
Commonly used suspensions are based on principle of 
connecting the body and the wheel hub by certain number of 
arms. This solution brings in any modification a track change, 
which is more relevant by such a long wheel travel, and is 
necessary to take into account lateral tire characteristic. Since 
the model is so far intended to use only for simulating of 
straight li ne movement at low speed without cornering and 
drive torque is possible to simpli fy the tire behavior only into 
lateral direction. Regarding simplicity of the whole model, 
serial spring damper lateral tire model [1] is used. Schematic 
illustration of this model is shown on Figure 2. 
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Figure 2 Model of tire-road interaction in lateral direction. Coeff icient klat is 
lateral stiffness of the tire, blat is viscous damping representing the road-tire 
interface, y is tire-road contact point lateral movement depending on vertical 
wheel movement and suspension characteristic, y1 is auxili ary coordinate, v is 
vehicle speed and Z is angular velocity of the wheel. 
 

Tire force is then given by equation  

� � 11 ycyykFy �� � . (1) 

C. Suspension representation 

The suspension is represented primaril y by an unsprung 
mass in the model. Moreover suspension kinematics is 
introduced by the lateral displacement of the tire-road contact 
point y. It is expressed as a function of wheel travel z 

� �zfy  . (2) 

MODEL USE AND RESULTS INTERPRETATION 

The dynamic model of the off-road vehicle is simulated in 
MATLAB/Simulink. The proposed model is used to compare 
two dif ferent types of suspension. One suspension is standard 
commercially used and the other one is a suspension with 
almost linear motion. This modif ied suspension should 
demonstrate lowering lateral motion of the vehicle by 
reducing lateral movement of the wheel. Results of these 
simulations are discussed below.  

A. Suspension types 

The first type is a double wishbone suspension with equal 
length parallel arms. In this case (2) became  

22 zlly ��  (3)  

where l is length of the arms. The second type of suspension is 
a suspension with almost linear wheel motion along whole 
vertical wheel travel. The lateral displacement of the tire-road 
contact point is than instead of (2) represented by look up 
table. These suspensions dif fer in unsprung mass signif icantly 
as well. The tire-road contact point lateral motion in 
dependence on wheel travel of double wishbone suspension 
and near linear motion suspension is il lustrated in Figure 3. 

 
Figure 3 Suspension characteristic 

B. Model excitation 

For purpose of this comparison the model is excited only 
vertically, representing straight ride without any cornering or 
applied driving torque. Both sides of the car are excited 
separately with dif ferent random surface profile. To compare 
dif ferent types of suspension at the same surface profile a 
random signal is substituted by a filtered sum of finite number 
of sinusoidal signals with random phase angles [4]. These 
signals are logarithmicall y distributed along frequency 
spectrum [3] and amplitudes are adapted according to 
frequency interval which it represents, to get constant power 
spectral density. Shape fil ter coefficients are modified 
appropriately to desired suspension wheel travel. In this case 
coefficients are HTXLYDOHQW�WR� WKH� FKDUDFWHULVWLF�RI� ³EDG�
XQIRUWLILHG� URDǴ� IURP� [4]. The resulting random signal is 
moreover shifted in time domain to obtain zero initial value.  

 Travel speed of the vehicle during the simulation is 5 m/s 
and the time dependency of resulting road profile is shown in 
Figure 4. 

 
Figure 4 Road profile height 

C.  Results 

The simulation results of double wishbone suspension and 
near linear suspension are compared in following figures. The 
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